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ABSTRACT 

There are several researches on Lie algebras and Lie superalgebras graded by finite root 
systems. In this paper, we study Leibniz algebras graded by finite root systems and obtain 
some important results in simply-laced cases. 
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1 Introduction 

In [17], J.-L. Loday introduced a non-antisymmetric version of Lie algebras, whose bracket satisfies 
the Leibniz relation (see (2.5)), therefore called Leibniz algebra. The Leibniz relation, combined 
with antisymmetry, is a variation of the Jacobi identity, hence Lie algebras are anti-symmetric 
Leibniz algebras. In [19], Loday also introduced an 'associative' version of Leibniz algebras, called 
associative dialgebras, equipped with two binary operations, h and H, which satisfy the five relations 
(see the axiom (Ass) in section 2). These identities are all variations of the associative law, so 
associative algebras are dialgebras for which the two products coincide. The peculiar point is that 
the bracket [a,b] —: a -\ b — b \- a defines a Leibniz algebra which is not antisymmetric, unless the 
left and right products coincide. Hence dialgebras yield a commutative diagram of categories and 
functors 

Dias Leib 

i i 
Assoc Lie 

Steinberg Lie algebras come from Steinberg groups, which are closely connected with K- 
theory, and play a key role in the study of Lie algebras graded by finite root systems of type A. 
By definition, the Steinberg Lie algebra si (n, A) over a iC-algebra A is a Lie algebra generated by 
symbols Vij{a), 1 < i ^ j < n, a £ A, subject to the relations 

Vij{kia + k2b) — kiVij{a) + fc2% (&), for a,b E D, fci, /c2 G K; (1) 
[vij{a),Vki{b)] ^ li i^l and j ^ k; (2) 
[vij{a),Vkiib)\=Vii{ab) if i ^ I and j = k. (3) 

It is clear that the relation (3) makes sense only if n > 3. 
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Prom [6] we see that the map r] : a ^ Vij (a) is one-to-one if and only if A is an associative 
algebra for n > 4 and A is an alternative algebra for n = 3. 

In 1992, S. Berman and R.V. Moody ([5]) studied Lie algebras graded by finite root systems 
of Ai {I >2), Di (I > 4), El {I = 6, 7, 8) and obtained the structure of a Lie algebra over K graded 
by the root system A of type Xi {I > 2) {Xi = Ai,Di,Ei). 

The universal central extensions of Lie algebras graded by finite root systems were studied in 
several papers ([3], [7], [10], [8], [1], etc.). 

In this paper we shall consider Leibniz algebras graded by finite root systems of types A, D 
and E. We also prove that 

Theorem 1.1. (Recognition Theorem). Let L he a Leibniz algebra over K graded by the root 
system A of type Xi{l > 2) {Xi =Ai,Di,Ei). 

(1) If Xi — Ai,l > 3, then there exists a unital associative K-dialgebra R such that L is 
centrally isogenous with s[ (/ + 1, i?); 

(2) If Xi = Ai,l = 2, then there exists a unital alternative K-dialgebra R such that L is 
centrally isogenous with sii {I + \,R), luhere stl (n, R) is defined in Section 2.4; 

(3) If Xi = Di{l > A), El {I = 6,7,8), then there exists a unital associative commutative 
K-dialgebra R such that L is centrally isogenous with R. 

Remeirk. Two perfect Lie algebras Li and L2 are called centrally isogenous if they have the 
same universal central extension (up to isomorphism). 

The paper is organized as follows. In Section 2, we recall some notions of Leibniz algebras and 
dialgebras. In Section 3, we give the definition of Leibniz algebras graded by finite root systems. 
In Sections 4 and 5, we mainly prove the Recognition Theorem (Theorem 1.1). Throughout this 
paper, K denotes a field of characteristic 0, R a unital dialgebra over K. 

2 Dialgebras and Leibniz algebras 

We recall the notions of associative dialgebras, alternative dialgebras, Leibniz algebras and their 
(co)homology as defined in [16] — [19] and [11]. 

2.1 Dialgebras. 

Definition 2.1. [19] A dialgebra D over K is a K-vector space D with two operations H,l-: 
D ^ D ^ D, called left and right products. 

A dialgebra is called unital if it is given a specified bar-unit: an element 1 G D which is a 
unit for the left and right products only on the bar-side, that is, 1 h a = o = a H 1, for any 

a G D. A morphism of dialgebras is a ii'-linear map f : D ^ D' which preserves the products, i.e. 

f{a-kb) = f{a) -k f{b), where ★ denotes either the product H or the product h. 

Definition 2.2. [19J A dialgebra D over K is called associative if the two operators -i and h satisfy 
the following five axioms: 



Denote by Dias, Assoc the categories of associative dialgebras and associative algebras over 
K respectively. Then the category Assoc is a full subcategory of Dias. 
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Obviously, an associative dialgebra is an associative algebra if and only ii a -\ b = a \- b = ab. 

The concept of alternative dialgebras was introduced in [11] for the study of the Steinberg 
Leibniz algebras. 

Definition 2.3. [11] A dialgebra D over K is called alternative if the two operators H and h 

satisfying the following five axioms: 

{J^{a, b, c] = —Jhic, b, a), J-\{a, b, c) = Jh{b, c, a), 
J^{a,b,c) = -Ji-{a,c,b), 
(a h 6) h c = (a H 6) h c, a -\ {bh c) = a -\ {b -\ c), 

where J^{a,b,c) = {a ~\ b) ^ c — a -\ {b -\ c), J\-{a,b,c) = (a h 6) h c — a h (6 h c) and 
Jx {a,b,c) = {a\- b) -\ c — a\- {b -\ c). 

Obviously, an alternative dialgebra is an alternative algebra \i a -\ b = a \- b = ab. Moreover, 
the following formulae are clear for an alternative dialgebras according to the definition. 

J^{a,b,c) = -J-\{a,c,b), (2.1) 

J^{a,b,c) = -Mb,a,c), (2.2) 

J^{a,b,c) = -Jx{c,b,a). (2.3) 

So we also have 

J^{a, b, b) = 0, Jh(a, a, b) = 0, Jx (a, 6, a) = 0. (2.4) 

Examples. 

1. Obviously, an associative (alternative) dialgebra is an associative (alternative) algebra if 
and only ii a -\b = a\- b = ab. 

2. Differential associative (alternative) dialgebra. Let (A, d) be a differential associative (alter- 
native) algebra. So by hypothesis, d{ab) = {da)b + adb and = 0. Define left and right products 
on A by the formulas 

X -\y = xdy, x\- y = {dx)y. 
Then A equipped with these two products is an associative (alternative) dialgebra. 

3. Tensor product. Let D and D' be two associative dialgebras, then D®D' with multiplication 
(a ® a') -k{b® b') = {a*b)® {a' *b'), * =H, h, is also an associative dialgebra. Especially, if £> is a 
unital associative dialgebra, then Mn{D) = Mn{K) ^ D is also a unital associative dialgebra. 

4. Let D be an associative (alternative) algebra. On the module of n-space D = ^4®" one 

puts 

n 

{x-\y)i=XiC^yj), i = l,---,n and 

n 

{x \- y)i = (^ xj)yi, i = 1, • • • , n. 
Then [D, H, \~) is an associative (alternative) dialgebra. For n — 1, this is example 1. 

2.2 Leibniz algebras. 

A Leibniz algebra [17] L is a vector space over a field K equipped with a if-bilinear map 

[-,-]: Lx L ^ L 

satisfying the Leibniz identity 

[a;, [y,2;]] = [[a;,y],2;] - [[a;,^;],y], y x, y, z e L. (2.5) 
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Obviously, a Lie algebra is a Leibniz algebra. A Leibniz algebra is a Lie algebra if and only if 
[a;, a;] = for all x G L. 

Suppose that L is a Leibniz algebra over K. For any z & L, we define ad^; e End/ji by 

ad^;(a;) = — [a;, 2:], Mx & L. 

It follows (2.5) that 

ad z([a:;, y]) = [adz(.x),y] + [.T.adz(i;)] 
for all x.y G L. This says that adz is a derivation of L. Wo also call it an inner derivation of L. 

Similarly, we also have the definition of general derivation of a Leibniz algebra and we denote 
by Inn (L) , Der {L) the set of all inner derivations, derivations of L respectively. They are also 
Leibniz algebras. 

Let L be a Leibniz algebra over K. Consider the boundary map: 5n '■ L®^ — *■ L®("~^^ defined 

by 

5n{Xi (8) • • • (g) Xn) = ^ + ® ■■ - ^ Xi-i ® [Xi,Xj] ® Xj+i ® ■ ■ ■ ® Xj ® ■ ■ ■ ® Xn, 

l<i<j<n 

where xj indicates that the term Xj is omitted. One can show that 6^ = (see [20]) and the 
complex (L®", 6) (L° = K, Si = 0) gives the Leibniz homology HL^{L) of the Leibniz algebra L. 

Let L be a Leibniz algebra over K . It is called perfect if [L, L] = L. A cc;ntral extension of L 
is a pair {L, n) where L is a Leibniz algebra and tt : L ^ L is a surjective homomorpliism such that 
KerTT lies in the center of L and the exact sequence KerTr — > L — > L — > splits as AT-moclule. 
The pair {L, tt) is a universal central extension of L if for every central extension {L, r) of L there 
is a unique homomorphism (,'; : L ^ L for which t o ip = t:. So the universal central extension is 
unique, up to isomorphism. A Leibniz algebra L has a universal central extension if and only if L 
is perfect. If (L, tt) is the universal central extension of L, then 

i?L2(i) = KerTT. (2.6) 

Remark. In [20], [8], [9] and [13], the universal central extensions of many infinite dimensional 
Lie algebras in the category of Leibniz algebras are determined. 

We also denote by Leib and Lie the categories of Leibniz algebras and Lie algebras over K 
respectively. 

For any associative dialgebra D, define 

[x,y] ^ X -\y - y\- X, 

then D equipped with this bracket is a Leibniz algebra. We denote it by Dl- The canonical map 
D Dl induces a functor (— ) : Dias— >Leib. 

For a Leibniz algebra L, let L^ie be the quotient of L by the ideal generated by the elements 
[x,y] + [y,x], for all x,y £ L. It is clear that Llib is a Lie algebra. The canonical projection 
L ^ L^ie is universal among the maps from L to Lie algebras. In other words, the functor {—)Lie '■ 
Leib^Lie is left adjoint to inc : Lie— >Leib. 

Moreover, we have the following commutative diagram of categories and functors 

Dias Leib 
i i 
Assoc Lie 

As in the Lie algebra case, the universal enveloping associative dialgebra of a Leibniz algebra 
L is defined as 

Ud{L) := {T{L) L T{L))/{[x, y]-x-\y + yh x\x, y e L}, 
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where elements x,y oi L are regarded as elements in K K. 

Proposition 2.4. [19] 

The functor Ud : Leib — > Dias is left adjoint to the functor — : Dias — > Leib. 

Let L be a Leibniz algebra, then M is said to be a right L-module if M is a JsT- vector space 
equipped with the action of L: 

[-,-]: M X L ^ M 

satisfying 

[m, [x, y]] = [[m, x],y]- [[m, y],x], Vx,y eL,m€ M. 

So for a Lie algebra g, any right fl-module in the Leibniz algebra case is just the right g-module 
in the Lie algebra case. 



2.3 Lie algebras graded by finite root system. 

First we introduce the Steinberg Lie algebra. Steinberg Lie algebras come from Steinberg groups, 
which are closely connected with K-theory. 

If i? is a (nonassociative) ring with 1, and n > 3, the Steinberg group (see [6]) St„(i?) is the 
group generated by the symbols Xij{a), 1 < i ^ j < n, a G i?, subject to the relations 

Xij{a + b) = Xij{a)xij{b), for a,b G R, ki,k2 & K; 
[xij{a),Xki{b)] = l ii i^l and j ^ k; 
[xij{a),Xki{b)] = Xii{ab) if i ^ / and j = k, 

where [x, y] = xyx~^y~^ is the group commutator. 

By definition, the Steinberg Lie algebra (sec [6]) si{n,A) [n > 3) over a if-algebra A is a Lie 
algebra generated by symbols Uij{a), l<ij^j<n, a€A, subject to the relations 

Uij{kia + k2b) = kiUij{a) + k2Uij{b), for a,b € A, ki,k2 & K\ 
[uij{a),Uki{b)]=0 ii i ^ I and j ^ k; 
[uij{a),Uki{b)] = Uii{ab) ii i^l and j = k. 



Define z„(^) = {a G A | Uij{a) = 0}. Clearly, it is an ideal of A and does not depend on the 

choice of i j. 

From [6], we see that in{A) = if and only if A is an associative algebra for n > 4 and A is 
an alternative algebra for n = 3. 

By definition, a -fC-algebra A is called alternative if (a, 6, c) = — (c, 6, a) = (6, c, a), where 
(a, b, c) = {ab)c — a{bc). 

A Lie algebra L over a field K of characteristic is graded by the (reduced) root system (see 

[5]) A or is A- graded if 

(1) L contains as a subalgebra a finite-dimensional simple Lie algebra g = -f^ ©0ceA 0" whose 
root system is A relative to a split Cartan subalgebra H = qq; 

(2) L = 0„gAu{o} -^a' where = {x G L \ [h,x] = a{h)x,yh G i?} for a e A U {0}; and 

(3) Lq = J2aeA{^a, L-a]- 

Theorem 2.5. [5] Let L be a Lie algebra over K graded by the root system A of type Xi {I > 
2){Xi = Ai,Di,Ei) . 
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(1) If Xi = Ai, I > 3, then there exists a unital associative K-algebra A such that L is centrally 
isogenous with si {I + 1,A). 

(2) If Xi = Ai, I = 2, then there exists a unital alternative K-algebra A such that L is centrally 

isogenous with st{l + I, A). 

(3) If Xi = Di(l > 4), El {I = 6,7,8), then there exists a unital associative commutative 
K-algebra A such that L is centrally isogenous with g<Si A. 



2.4 Steinberg Leibniz algebras 

The matrix Leibniz algebra Ql{n,D) is generated by all n x n matrices with coefficients from a 
unital associative dialgebra D, and n > 3 with the bracket 

[Eij{a), Eki{b)] = SjkEii{a H 6) - 6iiEkj{b h a), 

for all a,b G D, where Eij{a) is the n x n matrix with coefficient a on (i, j)-th position and in 
all others. 

Clearly, Ql{n, D) is a Leibniz algebra. If D is an associative algebra, then 0[(n, D) becomes a 
Lie algebra. 

Now we consider the subalgcbra s\{n,D) := [^[{n, D),Q{{n,D)], which is called the special 
linear Leibniz algebra with coefficients in D, of Qi{n, D). 

By definition, the special linear Leibniz algebra sl{n,D) has generators Eij{a), I < i ^ j < 
n,a £ D, which satisfy the following relations: 

[Eij (a), Eki (6)] =Oiii^landj^k; 
[Eij{a), Ekiib)] = Eu{a H 6) if i 7^ Z and j = k; 
[Eij{a), Eki{b)] = -Ekj{b \-a) ifi = l and j ^ k. 

The Steinberg Leibniz algebra was first introduced in [20] for associative algebras and in [11] 

for associative dialgebras. By definition, the Steinberg Leibniz algebra stl (n, D) is a Leibniz algebra 
generated by symbols Vij{a), l<i^j<n, aGD, subject to the relations 

Vij{kia + k2b) = kiVij{a) + k2Vij{b), for a,bGD, ki,k2 & K; (4) 

[vij{a),Vki{b)]=0, a ij^l and j k; (5) 

[vij{a), Vki{b)] = Vii{a H 6) if i I and j = k; (6) 

[vij{a), Vki{b)] = -Vkj{b \- a) if i = l and j 7^ k. (7) 
It is clear that the relations (6) — (7) make sense only if n > 3. 

Let IIij{a, b) := [vij{a),Vji{b)] for I < i j < n, a, b €1 D, and H the submodule of st[ (n, D) 
generated by Hij{a,b),i ^ j,a,b € D. Define i„(-D) = {a £ D \ Vij{a) = 0}. Clearly, it is an 
ideal of D and does not depend on the choice oii^ j. The same consideration as in Steinberg Lie 
algebras, we have 

Proposition 2.6. [11] For a unital dialgebra D, in{D) = in sU{n,D) if and only if D is 

associative for n> A and D is alternative for n = 3. 

The Steinberg Leibniz algebra stl {n, D) with n > 3 is perfect. 
The homomorphism tp of Leibniz algebras 

ip: si{{n,D) ^ s{{n,D) 
by the rule ijj{vij{a)) = Eij{a) is a surjective homomorphism. 

Theorem 2.7. [11] Ifn>3, then {stl{n, D),ip) is the universal central extension of the Leibniz 
algebra sl{n,D) with kernel HHSi{D) for a unital associative dialgebra D, where HHSi{D) is 
the first homology group of chain complex {CS*{D),d) defined in [6] (or see [11]) . 
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3 Leibniz algebras graded by finite root systems 



Definition 3.1. A Leibniz algebra L over a field K of characteristic is graded by the {reduced) 
root system A or is A- graded if 

(1) L contains as a subalgebra a finite- dimensional simple Lie algebra g = -ff ©©^eA whose 
root system is A relative to a split Cartan subalgebra H = qq; 

(2) L = ®QgAu{0} -^a' where L^ = {x £ L \ adh{x) = —[x,h] = a{h)x,Vh G H} for 
a e AU{0}; and 

(3) I/O = Z^aeA[-^«,^-a]- 

Remetrks. 

1. The conditions for being a A-graded Leibniz algebra imply that L is a direct sum of finite- 
dimensional irreducible right g-modules whose highest weights are roots, hence either the highest 
long root or short root or 0. 

2. If L is A-graded, then L is perfect. Indeed, the result follows from La = [La,H] for all 
a € A and (3) as above. 

3. The Steinberg Leibniz algebra stl (n, D) is graded by the root system of type An-i- Let D 
be a commutative dialgebra, then the Leibniz algebra D and its central extensions are graded 
by the root system of type g (see [12]). 

Now we shall prove the Recognition Theorem (Theorem 1.1). So from now on, we always set 
A to be the root system of type Ai {l>2), Di {I > 4) or Ei {I = 6, 7, 8). 

Such as that in [5] , we also have the following results. 

Definition 3.2. An ordered pair (/3, 7) G A x A is an A2-pair if = —1- Thus (/?, 7) is an 
A2-pair if and only if it is a base for an A2 subroot system of A. Two A2-pairs (/?, 7) and (/3',7') 
are equivalent, written (/3,7) ^ (/3',7'), if there is an element w of the Weyl group W of A such 
that P' — wP and 7' = wj. The equivalent class of (/3,7) is denoted by [{0,^)]. 

Lemma 3.3. [5] (1) If A is of type D or E, then there is only one equivalent class of A2 -pairs. 

(2) If A is of type A, then there are exactly two equivalent classes of A2-pairs and furthermore, 
if (/3, 7) is an A2-pair, then 

(/3,7)~ (-7,-/3), (/3,7)7^(7,/3)- 

(3) In all cases if (/?, 7) and (7,(5) are A2-pairs with {p \ 5) = 0, then 

(/3,7)~(7,^)~(/3,7 + '5)~(/3 + 7,^)- I 

Remark. In type Ai, for definiteness, we distinguish the two classes as follows. We choose a 

base n = {cti, • • • , a/} for A once and for all with Coxeter-Dynkin diagram aio — -o • — -oai. 

Then [(ai, 02)] is the positive class and an A2-pair (a, /3) € [ai, 02] is called positive pair, [(a2, ai)] 
is the negative class and an A2-pair (a,/3) € [a2, ai] is called negative pair. For convenience, any 
j42-pair in types Di and Ei is either positive and negative. 

Let L be a Leibniz algebra graded by A and g C L the split simple Lie algebra of Definition 
3.1. Let {cct. Hi I a e A, i = 1, • • • , Z} be a Chevalley basis of g so that G L^ for any a. £ A, and 
{Hi, i = 1, - ■ ■ ,1} a basis of H. Let G = {exptSa \ t € K) he the corresponding simply connected 
Chevalley group. For each a G A, {e^, = [ca, e_a], C-a} is an s[2-triplet. Let 

nait) = expfe^ exp(— f~^e_a) expfCa 

and set 

N ={nait)\aeA,tGK''), 
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where is the set of non-zero elements of K. 

Let hait) = noc{t)na{l)~'^ and T = \ aG A,tG K""). Then 

T < iV, N/T ^ W. 

Clearly, from the A-grading adca and ade_a are nilpotent on L, so we can define a homo- 
morphism 

Ad : G — > Aut {L) by expte^ ^ expadfea, a £ A, t £ K. 

Next, recall that if M is any integrable (right) g- module (one on which Cq, acts locally nilpotent 
for all a € A) with weight space decomposition M = ©M^ relative to q then, letting Va denote 
the reflection r^A = A — (A, a^)a, we have 

na{t)M\ = Mr^x for all weights A, and (3-1) 

the action of ha{t) restricted to Mx is a scalar-multiplication by t'^'^'" \ (3-2) 

In particular, the adjoint representation restricted to Q acts on L in this way. 

Fix any a e A. Let W" denote the stabihzer of a in and let A''" := W^T. Then 

W^ = {rp\P& A, (/3|a) = 0), (3.3) 

Ar" = (n0(l)|/3GA,(/3|a)=O)-T. (3.4) 

Fix any /3 G A and choose w £ W with wa = (3. Choose any n E N with nT ^ w in the 
isomorphism N/T = W. Then Ad (n)Lc« = -^/3 by (3.1). Let the restriction of Ad (n) to La be 
denoted by X^^a- If also w'a = (3 and n'T <-» w', then w~^w' € W^" and n~^n' € A''". Thus 
n' e nN°' = n{n^{l) | 7 € A, {l3\a) = 0)T. Elements of T acts as scalar multiplications on Lc,. 
Furthermore, 

(7|q!) = 0=>(a±7,a±7) = 4^a±7^AU{0} 
^ Ad exp(te±-y) acts as the identity on La,Vt £ n-y(l) acts as the identity on 

This establishes that X/s^a is determined, up to a nonzero scalar multiple, by a and (3 and does 
not otherwise depend on our choice of w or n. Since also riQa = 0/3) = se/s for some s £ 
(actually e — ±1). 

Definition 3.4. X/j^a '■ La ^ Lp is the K-linear map £~^Xj3^a- 

Clearly, Xp^a. depends only on a, (3 and the choice of Chevally basis. We see that 

Aa,/3 = X'^^^, (3.5) 
Aa./jA^,^ = Aq;,7, (3.6) 

Xa,a = 1. (3.7) 

With a fixed as above, define R = La (as a ii'-space). Eventually, R will have a life of its 
own, independent of a. For this reason, given r £ R, we shall write it as Ca (r) when we think of 
it as being in La- We identify iV' as a subspace of La by aca = ea{a) for some a G K. 

Now if /3 G A is arbitrary, then the ii'-linear map X/s^a '■ La L^ is defined and we define 

6/3(0 = Xi3,aea{r). (3.8) 

From (3.7), we see that this definition is consistent when [3 — a. From (3.5) and (3.6), we see that 
(3.8) holds for all pairs of roots a, /? G A. 

We note that for all a,b G K, r,s E R, we have e^(ar + bs) = aei3{r) + beff{s). This allows us 
to write Xf3{r), r £ R, for any xp G 0/3 unambiguously. Clearly, 

Xf3{r) = xp{s) <^=^ r = s. 
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Lemma 3.5. For all n G N, l3 € A, r G R, we have 

(Adn)(e0(r)) = ((Adn)e^)(r). 

Proof. Let nT ^ w G W and 7 = tii0, so both sides of the asserted equahty lie in L-y. Since 
A^,/3 equals, up to a scalar, Ad(n)|L^, bX-y^a = Adn(A/3^a), for some b G . Then 

fee-y = feA-y^aCa = (Adn)A/3,aea = (Adn)e/3 

and hence 

(Adn)e/3(r) = (Adn)A/3,c«ea(r-) = bX^^aeair) = be^{r) = ((Adn)e/3)(r). | 
Now we set 

[e/3(r-), e^(s)] = [e^j, e^](m(^,^)(r, s)). (3.9) 
Lemma 3.6. If S [(/?, 7)], then m(/3'_^') = nK^p^^). 

Proof. Let m' = m(^pi^^i),m = rn(^^^). Choose w € W with /?' = w/3 and 7' = wy. Let 
a, 6, c, £, e' G -fT ^ be chosen such that 

aAd (n)e/3 = 6/3/, 6Ad (n)e-). = e-y', cAd (n)e/3+-y = e/3'+-y'. 

Since Ad (n) is an automorphism, e' = abc~^e. Now for r,s € R, 

[ef},,ey]m'{r,s) = [ep'{r),ey{s)] 
= [A^',/3e/3(r), A^/,^e^(s)] 

= [a Ad (n) e p {r),b Ad {n)e J {s)] = a6Ad (n)[e/3(r), e-y(s)] 
= a6Ad (n)[e/3, e-),](m(r, s)) 

= abeAd (n) 6/3+^ (m(r, s)) = abec~^ej3'-^-y{m{r, s)) 
= s'e0'+y{m{r,s)) = [e/?/, ey](m(r, s)). 

Thus m(/3/^-y') = Tn(/3_^) and m = m'. | 

Prom the above Lemma, we can define two multiplications on R: 

(1) For a positive A2-pair 7) (see the Remark after Lemma 3.3), we define -\: Rx R^ R 
given by 

[e/3(r-),e^(s)] = [e/3,e^]{r H s). 

(2) For a negative A2-pair (/3, 7), we define \—.RxR^R given by 

[ei3{r),ej{s)] = [ep,e^]{s \- r). 

Clearly from Lemmas 3.5 and 3.6, we know that the above definition is well-defined on D. 

Moreover, if A is of type Di {I > 4) or Ei {I = 6, 7, 8), then r -\ s = s -\ r, i.e., is a commutative 
dialgebra since mp,~f{r, s) = m-yjj{r, s). 

Let (a, P) be a A2-pair. Then r/ja = a + /3. Suppose that Cq,, have already been chosen as 
our Chevalley basis. Let n/3 = expade/3expad(— e_/3)expade/3. Then by definition, we get that 

nfseair) = nfj{ea{r)) = exp ade/3 exp ad (— 6-/3) exp ade^(eQ.(r)) 

= expade/3expad(-e_/3)(ea,(r) - [ea(r),e;3]) 

= exp ad e/3 (ec (r ) - [e^ (r) , e/3] - [e^ (r) + [bc (r ) , e/j] ,6-/3]) 

= -[ea(r-),e/3]. 
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Thus 



(n^e„)(r) = -[ea{r),e0]. 



In particular, 

n/SBa = -[ea,e/3]. 

The element € defines an element of R that has been identified with 1 G K : ea{l) = lea- 
For any [3 G A we have 6/3(1) = A/3,a(ea(l)) = e^, so every basis element defines the same 
element of R. 

Note that 1 is bar-unit of R. For a positive A2-pair (a, /3), we have [ea{r), 6/3(1)] = [e^, e/3](r H 
1). But 

[ea(y), 6/3(1)] = [ea{r),ep] = -n(j{ea{r)) 
= -(^^/3ea)(r) = [ea,6/3](r). 

Thus r -\ 1 = r. Similarly, for a negative ^2-pair {a, (3), we can prove that 1 h r = r. So i? is a 
unital dialgebra. 

Next, we investigate the associativity of the multiplication on R. 

Now we assume that I > 3. Let {(3, 7) and (7, 6) be two positive j42-pairs with (/9, 5) = (such 
pairs exist if I > 3). By Lemma 3.3 (3), »Ti(/3^^) = m^.y^sy By the Jacobi identity and [L0,Ls] = 0, 
we obtain that 

[[e/3(r),e^(s)],65(t)] = [e0{r),[e-^{s),es{t)]], 
[e/3(r),[e5(t),6^(s)]] = -[[6/3(r),6^(s)], 65(f)], 

[[6^(s), 6/3 (r)], 65 (i)] = -[[6^(r),65(i)],6^(s)]. 

It follows that {r -\ s) -\ t = r -\ {s -\ t) = r ^ {s h t) and {r \- s) -\ t = r \- {s -\ t). Similarly, we 
can prove the left identities in the axiom(Ass). The I — 2 case will be handled in §5.2. 

From the above, we have proved the following theorem. 

Theorem 3.7. Let L be a A-graded Leibniz algebra over a field K of characteristic 0, where A is 
a simply-laced finite indecomposable root system of rank I >2. Let g be the associated split simple 
Lie subalgebra with root system A. For any root a G A and let R = as a K -vector space. 
Relative to a Chevally basis {ep \ (3 G A} U {Hi \ i = 1, • • • , define the map A/j ^ : L^ Lp of 
Definition 3.4 and the element ef}{r),r G R of (3.8). Then R is a unital K -dialgebra. Moreover, 
R is associative if the rank l>3. If A is of type D or E, then R is commutative. 



4 Centrally isogenous of A-graded Leibniz algebra 

Let L and L' be A-graded Leibniz algebras over K for the same finite root system A. Then their 
associated split simple subalgebras g and q' are isomorphic. Simply denoted them by q, so g is a 
subalgebra both of L and L' . 

Definition 4.1. A homomorphism (p : L ^ L' is A-homomorphic if (p\g = idg. 

Let (p : L ~> L' he a A- homomorphism. From the definition, it follows at once that ip{La) C L'^ 
for all a € A U {0}. Let R and R' be the K-dialgebras associated to L and L' respectively defined 
by a certain choice of Chevalley basis for q. For each a € A, we have R = Loc ^ L'^ ^ R', so if 
determines a map 

(po,:R^ R'. 
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Proposition 4.2. (1) (pa : R ^ R' is independent of the choice of a £ A (so we can denote it by 
(fi) and is a homomorphism of dialgehras. Furthermore, Cp is injective (resp. surjective, bijective) 

if if is injective (resp. surjective, bijective). 

(2) Ifip is an isomorphism, then the A-homomorphism (p is central and L and L' are centrally 
isogenous. 

Proof. (1) Let {cf}} ibqa^ {Hi}\^i be the Chevalley basis of g. We have = {ea(r) | r G i?} 
and L'^ = {ea{r) | r e R'}. Furthermore, kca = ea{k) for all k G K and ea{kir + k2s) = 
kiCair) + k2ea{s) for all r, s G R, R' , ki,k2 G K. By definition, (^(ea(r")) = ea(<^a(r)) for all r G R, 
and it follows that ipa is -ftT- linear and maps 1 G i? to 1 G i?'. 

Now suppose that {a, j3) is a positive ^2-pair. Then 

[ea,e/3]((?a+/3(r H s)) = ip{[ea,ep\(r ^ s)) = ip{[ea{r),ei3{s)]) 

= [ea{^a{r)),e^{ip^{s))] = [e^, e/3]((pa(r) H <?/3(s)). 

Thus 

(Pa+i3{r ^ s) = (pa{r) (pi3{s). (4.1) 

Similarly, we have 

Cpac+ffir'r s) = Cp„{r)'r (p0{s). (4.2) 

With s = 1, we get (pa+i3{r) = (pa{r)- From this, it is easy to see that (p is independent of 
a. Thus, (4.1) and (4.2) show the homomorphism property of (p. The remaining parts of (1) are 
obvious. 

(2) If (p is an isomorphism, then (pa is an isomorphism for each a G A, so Kcri/? C Lo- Since 
[La, Kcr C Lq n Ker tp = {0}, we see that Ker ip lies in the center of L from Definition 3.1. Since 
L and L' arc perfect and L' = L/Z for some central ideal Z, they have the same universal central 
extension. | 

Proposition 4.3. Let L be a Leibniz algebra graded by A and (u, (p) the universal central extension 
of L. Then u is graded by A and has the same associated dialgebra as that of L. Furthermore, 
ip is a A-homomorphism and ip : Ua ^ is a homomorphism for all a & A. In particular, 
Ker(p C uq. 

Proof. It is well known that Q is centrally closed in the category of Leibniz algebras ([9]). 
Thus the central extension p : (p^^{g) ^ q splits and we may view g as a subalgebra of u. In 
particular, if is a subalgebra of u. We define 

Uc := <p-^(L„), aGAU{0}, 
[u„,F], aeA, 
uo, a = 0. 



u, 



For all hi,h2 £ H,x E Ua, we have 

&dhi{[x,h2]) = -[[x,h2],hi] = -[[x,hi],h2] = [a{hi)x + z,h2] = a(/ii)[x, /12], 
where z G Ker tp. This proves that 

Ua is an a- weight space for a,duH, a € A. (4.3) 
It follows that for a G A, Uq n Kertp = {0} ^.nd hence 

<p|u, : Uc ^ (4.4) 

is an isomorphism of vector spaces. 
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Let a; G u and write x = X^agAu{0}^«' where € Ua. Fix h G H so that for all a G 
A, a{h) ^ 0. Then 

Xa — a{h)^^ [xa, x] E Kcr (p C Uq = Uq. (4-5) 
Thus we may rewrite x as J2aeAu{0} where Xa & Ua and xq € Uq. It follows that 

U = Uo + ^ Ua. 

Now 

Uo =U0 = <f~^{^[La,L_a]) = ^[Ua,U_a] + Kei(p. 
a£A aeA 

Since Ua = u„ + Ker from (4.3), we have 

Uo = ^[Ua,U_a] + Ker (y9. 
aeA 

This proves that Uo is a 0-eigenspace for H. Now we see that Ua is exactly the a-eigenspace for H 
for all a e A U {0} and [Ua,U/3] C Ua+0, whenever a + /? G A U {0}. Also since u = [u, u], we see 
that 

Uo = ^[Ua,U_c] + [Uo,Uo]. 
aeA 

But 

[Uo,Uo] = ^ [[Ua,U-a],[Uf3,U-0]] C ^[u^,U_^], 
a,/3eA 7eA 

SO 

Uo = X! 
aeA 

This proves that u is graded by A. From (4.4) and the construction of (p, wc sec that Lp is a 
A-homomorphism and ip is an isomorphism. Thus the dialgebra associated to u is the same as 
that associated to i. | 

Proposition 4.4. Let L be a Leibniz algebra graded by A, Z the center of L and Z' any subspapce 
ofZ. Then 

(1) Z c Lo. 

(2) L/Z' has a unique structure as a Leibniz algebra graded by A that makes the natural map 
TT : L ^ L/Z' a A-homomorphism. 

(3) For all a E A, La = {L/Z')a as vector spaces. 

(4) The dialgebras associated to L and L/Z' are isomorphic by the map n induced by tt as in 
Proposition 4-2. 

Proof. Since for all h G H, a,dh\L„ is a scalar by {a, h), we see that Z C Lq. The remaining 
results are now obvious. | 

Proposition 4.5. Let L and L' be centrally isogenous Leibniz algebras and suppose that L is 
graded by a finite root system A. Then L' is also graded by A and in such a way that the associated 
dialgebras are isomorphic. 

Proof. Let u be a universal central extension of L. By Proposition 4.3, u is graded by A. By 
assumption, L' = u/Zi for some subspace of the center of u. By Proposition 4.4, L' is graded by 
A. The associated dialgebras are isomorphic by Propositions 4.3 and 4.4. | 

In short, all Leibniz algebras in a given isogeny class are A-graded if one of them is, and all 
have isomorphic root spaces for all a G A. They differ only by central elements in the 0-root space. 
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5 Proof of Recognition Theorem 



In this section we shall complete the proof of the Recognition Theorem. We use the results and 
notation of §3 and §4 freely. 

5.1 The Recognition Theorem for types D and E 

Now we assume that L is a Leibniz algerba graded by A, where A is a finite root system of type 
Di,l>4, oiE6,E7,E8. 

Lemma 5.1. Let a,(3 G A,r,s € R and set p=: aid{[ea{r),e^a{s)])- Then 

p(e^(i)) = (/3,a^)e^((Mr)Hs). 

Proof. Case 1. {a\l3) = —1: Then /3 — a ^ A and we have 

p{e/3{t)) = -[e/3{t),[ea{r),e-a{s)]] 

= -[[e/3(i),ea(r)],e_a(s)] 

= -[[e/3,e„](t H r),e_„(s)] 

= -[[e/3,ea],e_a]((t H r) H s) 

= -[[e/3, [e„,e_„]]((t H r) H s) 

= (/3,a^)e0((Mr) Hs). 

Case 2. {a\l3) = 1: Then (— a|/3) = —1 and we may use Case 1. 

Case 3. {a\p) = 0: Then neither f3 + a nor /3 — a is a root and both sides of our equation are 

0. 

Case 4. a = f3: It is easy to find a pair of roots 7, e S A with 7 + e = a, 7, e {a, —a}. Then 
e/3(t) = ea{t) = [ey,es]{t') for some t' € R which is some -fC-multiple of t. Applying p and using 
the previous cases, 

Pieffit)) = p{[e^,ee]{t'))=p{[e^{t'),e,{l)]) 

= (7, a-'ne^iit' H r) H s), 6^(1)] + {e, a^>K(t'), e,{r H s)] 

= (7 + e,a^)[e^,ee](t'H(rHs)) 

= (a,a^)e/3(iH (r Hs)) 

= (a,a^)e0((tHr)Hs). 

Case 5. —a = (3: This is similar to Case 4. | 
We wish to define a homomorphism 

(i):L^t{R,/^)=Q^R (5.1) 

by defining 

^(ec(r)) = Ca (g) r, for aU a G A, r e R. (5.2) 

Since L is generated by the subspace -Lai a e A, it is clear that (5.2) uniquely defines (j). 

Suppose that 'Y^a^i^Y^^=i[^a{f'{a,i)),e-a{s{a,i))] = for some r{a,i),s{a,i) € R. Then 
using Lemma 5.1, we have for all /? e A 

^(/3,a^)e/3(r(a,i) H s{a,i)) = 
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and hence 

^ (A a^) £ e;3(r(a, i) H s(a, i)) = 0. 

qGA i=l 

Since e/3(r) = e/j (s) r = s. It follows that in H ^ R, J2aeA J2^=i "^i {r{a, i) H s(a, i)) = (it 
is killed by all the functionals 1 18> /?)• Thus we may extend </> to Lq by 

(j) : ^ ^[ea{r{a,i)),e-a{s{a,i))] ^ ^^a^ <Si (r(a,i) H s{a,i)). 

aeA i=l aeA i=l 

We check that (f) is a, homomorphism: If {a, (3) is an j42-pair, then 

(p{[ea{r),ef3{s)]) = 4>{ [e^ , e^s] (r H s) ) 

= [ea,ep](E) {r ^ s) 
= [<^(e„(r)),<^(e^(s))]. 

If (a,/3) > 0, then <^([e„(r), 6/3(5)]) = = [<^(e„(r)), 0(e/3(s))]. 

If /3 = —a then (^([ea(r), e_a(s)]) = a^(8>(r H s) = [ea(8>r, e^(8>s]. Now let h = [ea{r), e_a(s)]. 
We have 

ct>{[eisit),h]) = -</.((Aa^)e^((Mr) H,s)) 
= -(/3,«'^)e^® ((t Hr) Hs) 
= (g) i, (g) (r H s)] 
= [<^(e^(i)),<^(/i)], 

and 

(/)([[e/3(t),e_0(w)],/i]) 
= -0((/3,a^)[e0(i),e-^((u H r) H 5)] + (/3,a^)[eM(i H r) H s),e_Mw)]) 
= -(/3,a^)(/3^«)(tH ((wHr) Hs))-/3^g)(((iHr) H s) H u)) 
= 0= [</.([e;5(t),e_Mw)]),<^(/i)] 

since ((M r) H s) H u = w h ((i H r) H s) = (u h (M r)) H s = ((u h i) H r) H s = ((< H m) H r) H 
s = t H ((u H r) H s), where we have used the commutativity and associativity of R. 

Proposition 5.2. The homomorphism ^ define by (5.1) and (5.2) is a surjective A-homomorphism 
and Kerip is contained in the center of L. 

Proof. Since = e„(i?) Ca <^ R, it is clear that (j) is bijective on the root spaces of 
La, a G A and hence (f) is surjective and Ker^s C Lq. Thus [Kei (j), La] C La H (KeKp) = (0) and 
hence KcTcf) is central by (2) of Definition 3.1. | 

We have proved that L is a central extension of g ® R, thus proving the third part of the 
Recognition Theorem 1.1. The universal central extension of R is given in [12] for a unital 
commutative associative dialgebra R. 

5.2 The Recognition Theorem for type A 

Now we assume that L is a Leibniz algerba graded by A, where A is a finite root system of type 
Ai, I > 2. 

Let n = l + l and £1, •••,£„ be an orthonormal basis for M". Identify A with {si — Sj \ i^ j} 
and define a base {ai, • • • , a;} of A by aj = £, — £i+i. The positive class of A2-pair in A will be 
taken as [(ai, q;2)]- 
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For a = Ei — Ej e A we let Lij = L^. The simple Lie algebra g over K of type Ai may be 
identified with si {n,K). We choose as our Chcvallcy basis the matrix imits Eij,i ^ j and the 
elements hi = [Ei^i^i, Ei^i^i],i = 1, - ■ ■ ,1. To bring the notation in line with §2.4, we write for 
Eij . Let R be the -fC-dialgebra derived from L with this choice of positive j42-pairs and the given 
Chevalley basis. Then we have 

[(ai,a2)] = {Ei -Ej,Ej -Ek I i,j,k distinct} 

and 

[(a2,ai)] = {Ei - Ej,Ek - Ei I i,j,k distinct}. 
Thus by results in §4, we have 

(i) Lij = K{e,,ir)\reR},i^j; (8) 

(ii) eij{kir + k2s) = kieij{r) + ^26^^(5); (9) 
(m) [eij{r),eki{s)] = \{ i^l and j 7^ fc; (10) 
{iv) [eij{r),eki{s)\ = eii{r -\ s) if i 7^ Z and 3 = k; (11) 
{v) [eij{r), efei(s)] = -ekj{s h r) if i = l and j ^ k, (12) 

for all r,s & R, fci , ^2 S K. 

Now whether R is associative or not, L is homomorphic to the image of sU (n, R), under the 

map 

: Vij{r) ejj(r), r e R, i j. (5.6) 

In Section 3, we show that R is associative if / > 3. Similar to the proof of Proposition 3.1 in 
[11], we can show that R is alternative if Z = 2. 

Proposition 5.3. The homomorphism of (5.6) is central. 

Proof. It is clear that stl {n, R) is graded by A and its associated dialgebra is R. The homo- 
morphism (5.6) sends Vij{R) eij{R) = Lij isomorphically and hence the Ker (</>) C stl(n, -R)o. 
The same argument as used in Proposition 5.2 gives that <p is central. | 

This completes (1) and (2) of the Recognition Theorem 1.1. 

Remark. 1. The structures of Leibniz algebras graded by finite root systems of other types are 
determined in [14] by using the methods in [4] and [2]. 

2. By Theorem 1.3 in [21] and Theorem 1.1, we can easily obtain the following theorem. 

Theorem 5.4. A Q{n)-graded Leibniz superalgebra over K is centrally isogenous to sU (n + 1, D), 
where D = Dq + Dj is an associative or an alternative (if n = 2) unital dialgebra such that there 
exists V e -Dj,!/^ = 1. (The definition of Q{n)- graded Leibniz superalgebra immediately follows 
from Definition 1.3 in [21] and Definition 3.1 in section 3, also see [15]). 
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